Introductory remarks
A digraph D = (V; A) consists of a nite set of vertices V (D) = V and a set of arcs A(D) = A (V V ) n f(v; v) j v 2 V g. For an arc (u; v) of a digraph D we say that u and v are the vertices of (u; v), more precisely, u is the tail and v is the head of (u; v). Also, we say that v is an out-neighbor of u and that u is an in-neighbor of v. The symbols N + (v) , N ? (v) and N(v) , we say that D is a graph. An edge of a graph is an unordered pair fu; vg (also denoted by uv) such that (u; v) is an arc of the graph. The set of edges of the graph X is denoted by E(X).
We refer the reader to 9, 25, 28] for group-theoretic concepts not de ned here. Let X be a graph and G a subgroup of the automorphism group AutX of X. We say that X is G-vertex-transitive, G-edge-transitive and G-arc-transitive if G acts transitively on V (X), E(X) and A(X), respectively. Furthermore, X is said to be (G, 1 2 )-arc-transitive if it is G-vertex-transitive, G-edge-transitive but not G-arc-transitive. In the special case when G = AutX we say that X is vertex-transitive, edge-transitive, arc-transitive, and 1 2 -arctransitive if it is (AutX)-vertex-, (AutX)-edge-, (AutX)-arc-transitive, and (AutX; 1 2 )-arc-transitive, respectively.
Let G be a subgroup of AutX such that X is G-edge-transitive but not G-vertextransitive. Then X is necessarily bipartite, where the two parts of the bipartition are orbits of G. Clearly, if X is regular then these two parts have equal cardinality. The graph X is said to be G-semisymmetric if it is a regular G-edge-but not G-vertex-transitive graph, and it is said to be semisymmetric in the special case G = AutX. The study of semisymmetric graphs was initiated by Folkman 13] who gave a construction of several in nite families of such graphs. The smallest graph in his construction has 20 vertices and happens to be also the smallest semisymmetric graph. At the end of his paper several open problems were posed, most of which have already been solved (see 2, 3, 10, 11, 15, 16, 17] ). Folkman's construction of semisymmetric graphs was generalized by the authors in 22] , where an interesting connection with 1 2 -arc-transitive group actions was suggested. It is precisely the interplay of semisymmetric and 1 2 -arc-transitive group actions that constitutes the central topic of this article.
Let H be a transitive permutation group acting on a set V and let v 2 V . There is a 1-1 correspondence between the set of suborbits of H, that is, the set of orbits of the stabilizer H v on V , and the set of orbitals of H, that is, the set of orbits in the natural action of H on V V , with the trivial suborbit fvg corresponding to the diagonal f(v; v) : v 2 V g. For an orbital ? we let S ?;v = fw j (v; w) 2 ?g denote the suborbit of H (relative to v) associated with ?. Conversely, for a suborbit S of H relative to v we let ? S;v be the associated orbital in the above 1-1 correspondence.
The paired orbital ? ?1 of an orbital ? is the orbital f(v; w) : (w; The main purpose of this article is to study the natural connection of graphs admitting semisymmetric group actions and graphs admitting 1 2 -arc-transitive group actions as suggested in 22]. In Section 2 we give a su cient condition for the semisymmetry of generalized Folkman graphs arising from certain graphs admitting a 1 2 -arc-transitive group action (Theorem 2.1). In particular, such a generalized Folkman graph is necessarily semisymmetric provided the 1 2 -arc-transitive subgroup is primitive and of index 2 in an arc-transitive group of automorphisms. In Section 3 we introduce and study in great detail the concepts of alter-sequence and alter-exponent for a general digraph. These tools are then used in Section 4 to study the interplay of three classes of graphs: cubic graphs admitting a one-regular group action, the corresponding line graphs which admit a 1 2 -arc-transitive action of the same group, and the associated generalized Folkman graphs. At the end we pose an open problem, suggesting an in-depth analysis of the structure of tetravalent 1 2 -arc-transitive graphs with alter-exponent 2.
2 Generalized Folkman graphs arising from 1 2 -arc-transitive actions Let X be a (H, 1 2 )-arc-transitive graph admitting arc-transitive action of a group G and let H be a subgroup in G of index 2. Then there exists a non-self-paired orbital ? of H such that X = X(H; V (X); ?) and ? ? ?1 is an orbital of G. The two orbital digraphs X(H; V (X); ?) andX(H; V (X); ? ?1 ) may be obtained from X by orienting the edges of X according to the action of H. We shall use the notation D H (X) for both of these graphs. Let be an arbitrary element in G n H. Then Clearly, the set fw j N + D (w) = N + D (u)g is a block of the action of H on V (X). Since this block contains at least two vertices and H acts primitively, it follows that it is the whole of V (X). Let V ij , i; j 2 Z 2 , be the four orbits of the group H in its action on the vertices of the generalized Folkman graph F = F(X; H), where V 00 V 01 is one of the two bipartition sets of F. Clearly, F is connected if and only if for any two vertices u; v 2 V 00 there is a path in F from u to v. Orient the edges in F from V 00 to V 1j and from V 1j to V 01 for all j 2 Z 2 . Observe that this orientation is coherent with the orientation of the arcs in D H (X). A walk from u to v in F has the property that the number of arcs travelled with the orientation is the same as the number of arcs travelled against the orientation.
Moreover, for any subwalk starting at u, the di erence between these two number is one of 0, 1, or 2. Such a walk has a counterpart in the digraph D H (X), which satis es the same condition. The connectedness of the graph F may therefore be read from the digraph D H (X). In fact, the graph F is connected if and only if the set of endvertices of walks originating at u and satisfying the above property, coincides with the whole of V (X).
This motivates the study of the above described walks in a more general setting: rst, for any digraph and second, allowing the di erence between the number of arcs travelled with the orientation and the number of arcs travelled against the orientation in a subwalk to be inside any prescribed interval of integers. This the content of the next section. If G is a group acting transitively on a set V and K is a normal subgroup of G, then the orbits of K on V form a complete system of imprimitivity of G. In general it is not true that every complete sistem of imprimitivity arises in this way. However, there are special instances with particular interest to us where this is the case. The following de nition, lemma and corollary will be needed in the proof of Proposition 3.9, which gives an alternative de niton of the alter-exponent in the case of connected vertex-transitive digraphs. Let us therefore assume that w 2 S k a;b] (u; D) and that W is a walk from u to w with sum k and tolerance contained in a; b]. Suppose It will be convenient to generalize the concepts of alter-exponent and alter-sequence to graphs admitting a 1 2 -arc-transitive group action via the associated digraphs. Namely, let X be a (H; 1 2 )-transitive graph. We shall use the terms H-alter-exponent and H-altersequence of X to denote the alter-exponent and the alter-sequence of the corresponding digraph D H (X), respectively. In particular, we shall omit the symbol H in the case H = AutX.
Line graphs of cubic graphs and the associated generalized Folkman graphs
There is a natural construction of generalized Folkman graphs via the line graphs of certain cubic arc-transitive graphs. It is the purpose of this section to discuss the semisymmetry (and connectivity) of these graphs.
Let G be a group and X be a connected G-arc-transitive cubic graph. By the well known result of Tutte 27] , it follows that G acts regularly on the set of s-arcs of X for some positive integer s 5. (We say that G acts s-regularly on X.) Let us now consider the line graph L(X) of X. Note that AutX = AutL(X). It may be deduced from 24, Proposition 1.1] that G acts 1-regularly on X if and only if it acts 1 2 -arc-transitively on L(X). In particular, AutX acts 1-regularly on X, that is X is 1-regular if and only if L(X) is a 1 2 -arc-transitive graph of valency 4 and girth 3. Similarly, if G acts 2-regularly on X, then it acts arc-transitively on L(X). Assume that H G are subgroups of AutX acting, respectively, 1-regularly and 2-regularly on X. Then we shall say that X is (1 H ; 2 G )-regular. In this case H acts 1 2 -arc-transitively on L(X), and is contained in the arc-transitive group G as a subgroup of index 2. We can thus construct the generalized Folkman graph F(L(X); H).
The following proposition shows that the alter-exponent of a digraph D H (L(X)), associated with the line graph of a cubic graph X admitting a 1-regular action of a subgroup H of AutX, is at most 2. . Assume therefore that W = (v 0 ; a 1 ; v 1 ;: : : ;v n?1 ;a n ; v n ) is a walk in D from v 0 to v n with sum 0 and tolerance 0; 3]. We show that there is also a walk from v 0 to v n with sum 0 and tolerance 0; 2]. Let J be the set of those indices j 2 f1; 2; : : : ; n ? 1g for which the sum of the walk (v 0 ; a 1 ; v 1 ;: : : ;v j?1 ;a j ; v j ) is 3. Clearly, for every j 2 J, the arc a j?1 is negatively oriented in W, whereas the arc a j is positively oriented in W. For every j 2 J let u j and w j denote those vertices of D for which the oriented pairs b 1 j = (u j ; v j?1 ), (4), (4; 5) and (5) .
In Table 1 we have gathered a comprehensive information on the generalized Folkman graphs arising from line graphs of certain cubic arc-transitive graphs (to be more precise, An interesting example arises from the cube Q 3 , the canonical double cover of K 4 . Its automorphism group G acts 2-regularly and contains two non-conjugate 1-regular subgroups H 1 and H 2 . The corresponding digraphs D H 1 (L(Q 3 )) and D H 2 (L(Q 3 )) are both of alter-exponent 2. the rst one is alter-incomplete with alter-sequence (2; 4), whereas the second one is alter-complete with alter-sequence (3; 12). As in the previous two examples F(L(Q 3 ); H 1 ) is disconnected and not semisymmetric. However F(L(Q 3 ); H 2 ), a graph of order 48, is semisymmetric; in fact, it is isomorphic to the graph described in 22, Example 2.6]. A natural question arises with regards to obtaining a similar classi cation for graphs of alter-exponent 2 or higher alter-exponent. The line graph of the graph F56A in row 28 in Table 1 is an example of such a graph with alter-exponent 2. In fact, F56A is the smallest member of an in nite family of 1-regular Z k 2 +k+1 -covers of Q 3 (given in 12]), for which the corresponding line graphs are 1 2 -arc-transitive of alter-exponent 2. It may be easily seen that these graphs are alter-incomplete with alter-sequence 2(k 2 +k+1); 4(k 2 +k+1)]. A further generalization of this construction was pointed to us by Malni c and is based on the existence of a 1-regular Z 2(k 2 +k+1) -cover of Q 3 for each odd k 3 18] . Moreover, an in nite family of cubic 1-regular graphs arising from alternating and symmetric groups of degree congruent 1 modulo 6 was constructed in 7] . The corresponding line graphs are 1 2 -arc-transitive of alter-exponent 2 and, since alternating groups are simple, clearly alter-complete. Finally, the line graph of order 648 of the rst known 1-regular graph (of order 432 and constructed by Frucht in 14]) is alter-incomplete with alter-sequence (6; 216).
In view of these examples we would like to pose the problem of classifying tetravalent 1 2 -arc-transitive graphs with alter-exponent 2. An in-depth analysis of the alter-incomplete case seems like a reasonable rst step towards obtaining this goal.
